Spaces of algebraic maps from real projective spaces into 
complex projective spaces 

Andrzej Kozlowski and Kohhei Yamaguchi 

Abstract. We study the homotopy types of spaces of algebraic (rational) 
maps from real projective spaces into complex projective spaces. We showed 
in [l] that in this setting the inclusion of the space of rational maps into the 
space of all continuous maps is a homotopy equivalence. In this paper we 
prove that the homotopy types of the terms of the natural 'degree' filtration 
approximate closer and closer the homotopy type of the space of continuous 
maps and obtain bounds that describe the closeness of the approximation in 
terms of the degree. Moreover, we compute low dimensional homotopy groups 
of these spaces. These results combined with those of [l] can be formulated as 
a single statement about Z/2-equivariant homotopy equivalence between these 
spaces, where the Z/2-action is induced by the complex conjugation. This 
generalizes a theorem of 



1. Introduction. 

1.1. Summary of the contents. Let M and N be manifolds with some 
additional structure, e.g holomorphic, symplectic, real algebraic etc. The relation 
between the topology of the space of continuous maps preserving this structure 
and that of the space of all continuous maps has long been an object of study in 
several areas of topology and geometry. Early examples were provided by Gromov's 
h-principle for holomorphic maps [6] . In these cases the manifolds are complex, the 
structure preserving maps are the holomorphic ones, and the spaces of holomorphic 
and continuous maps turn out to be homotopy equivalent. However, in many other 
cases, the space of structure preserving maps approximates, in some sense, the space 
of all continuous ones and becomes homotopy equivalent to it only after some kind 
of stabilization. A paradigmatic example of this type was given in a seminal paper 
of Segal [13] , where the space of rational (or holomorphic) maps of a fixed degree 
from the Riemann sphere to a complex projective space was shown to approximate 
the space of all continuous maps in homotopy, with the approximation becoming 
better as the degree increases. Segal's result was extended to a variety of other 
target spaces by various authors (e.g. [2]). Although it has been sometimes stated 
that these phenomena are inherently related to complex or at least symplectic 
structures, real analogs of Segal's result were given in |13j . [10] . [7], |15j . In 
fact, Segal formulated the complex and real approximation theorems which he had 
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proved as a single statement involving equivariant equivalence, with respect to 
complex conjugation (see the remark after Proposition 1.4 of |13j ). A similar idea 
was used in [7], Theorem 3.7. This theorem amounts to two equivariant ones, one 
of which is equivalent to (a stable version of) Segal's equivariant one, while the 
other one is related to the 'real version' of Segal's theorem proved in |10| . 

All the results mentioned above (except the ones involving Gromov's h-principle), 
assume that the domain of the mappings is one dimensional (complex or real) . It 
is natural to try to generalize them to the situation where the domain is higher 
dimensional. That such generalizations might be possible was first suggested by 
Segal (see the remark under Proposition 1.3 of [13j). A large step in this direction 
appeared to have been made when Mostovoy [llj showed that the homotopy types 
of spaces of holomorphic maps from CP™ to CP" (for m < n) approximate the 
homotopy types of the spaces of continuous maps, with the approximation becom- 
ing better as the degree increases. Unfortunately Mostovoy's published argument 
contains several gaps. A new version of the paper, currently only available from 
the author, appears to correct all the mistakes, with the main results remaining 
essentially unchanged. There are two major changes in the proofs. One is that the 
space Rat / (p, q) of (p, q) maps from CP™ to CP" that restrict to a fixed map / 
on a fixed hyperplane, used in section 2 of the published article is replaced by the 
space Rat / (p, q) of pairs of n + 1-tuples of polynomials in m variables that produce 
these maps. In the published version of the article it is assumed that these two 
spaces are homotopy equivalent, which is clearly not the case. However, they are 
homotopy equivalent after stabilisation, both being equivalent to J7-^™CP" - the 
space of continuous maps that restrict to / on a fixed hyperplane. The second 
important change is the introduction of a new filtration on the simplicial resolution 

C X r of a map h : X ^ Y and an embedding i : X ^ = C^^^. This 
filtration is defined by means of complex skeleta (where the complex /c-skeleton of 
a simplex in a complex affine space is the union of all its faces that are contained in 
complex affine subspaces of dimension at most k) and replaces the analogous "real" 
filtration in the arguments of section 4. 

In a variant of Mostovoy's idea was applied to the case of algebraic maps 
from MP™ to MP". This leads naturally to the question whether one can generalize 
the Z/2-equivariant Theorem 3.7 of [7] to an analogous equivariant equivalence 
of the spaces of algebraic maps and continuous maps between projective spaces, in 
which the domain is either a real or a complex projective space of dimension to > 1, 
the range is a complex projective space of dimension greater or equal to that of the 
domain. (Here, the Z/2-action is induced by complex conjugation.) 

Note that Theorem 3.7 of [7 has two parts, in the first the domain being 
complex and in the second real. Clearly, to prove the first part we need a Mostovoy's 
complex theorem. We plan to consider this problem in a future paper. Here we 
concentrate on the second part, concerning equivariant algebraic maps from real 
projective spaces to complex projective ones. Our main theorem is new, but it uses 
the main result of [l] and where our arguments are very similar to those used in 
that paper we omit their details and refer the reader to jl^. 

In the remainder of this section we introduce our notation and state the main 
definitions and theorems. 
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1.2. Notation and Main Results. We first introduce notation wliicli is anal- 
ogous to tlie one used in 1 , the presence of C indicating tfiat tire complex case is 
being considered (i.e. maps take values in CP" or polyiromials have coefficients in 



Let m and n be positive integers such that l<m<2-(n+l) — 1. We choose 
e„ = [1 : : • • • : 0] e RP" and e;, = [1 : ; • • • : 0] € CP" as the base points 
of MP™ and CP", respectively. Let Map* (MP™, CP") denote the space consisting 
of all based maps / : (MP™,e„.) ^ (CP",e;,). When m ^ 1), we denote by 
Map* (MP™, CP") the corresponding path component of Map* (MP™, CP") for each 
e e Z/2 = {0,1} = 7ro(Map*(MP™,CP")) ([5]). Similarly, let Map(MP™,CP") 
denote the space of aU free maps / : MP"'^ CP" and Map, (MP™, CP") the 
corresponding path component of Map (MP™, CP"). 

We shall use the symbols Zi when we refer to complex valued coordinates or 
variables or when we refer to complex and real valued ones at the same time while 
the notation Xi will be restricted to the purely real case. 

A map / : MP™ — >■ CP" is called a algebraic map of the degree d if it can 
be represented as a rational map of the form f — [fo : • • • : /«] such that 
/or'' j/ri G C[zo, • • • , Zm] are homogeneous polynomials of the same degree d 
with no common real roots except Om+i = (0, ••• ,0) G M™"'""'^. We denote 
by Alg^(MP™,CP") (resp. Alg;j(MP™, CP")) the space consisting of all (resp. 
based) algebraic maps / : MP™ CP" of degree d. It is easy to see that there 
are inclusions Algrf(MP™, CP") C Map^.^]^ (MP™, CP") and Alg;5(MP™, CP") C 
Map^rf]^(MP™, CP"), where [d]2 € Z/2 ^ {0, 1} denotes the integer d mod 2. 

Let Ad{m, n)(C) denote the space consisting of all (n+ l)-tuples (/q, • • • , /„) G 
C[zo, • • • , Zm]"'~^^ of homogeneous polynomials of degree d with coefficients in C 
and without non-trivial common real roots (but possibly with non-trivial common 
non-real ones). 

Let A^{m,n) C Ad{m,n){C) be the subspace consisting of (n -I- l)-tuples 
{fo, ■ ■ ■ ,fn) S Ad{m,n){C) such that the coefficient of Zg in fo is 1 and in the 
other /fe's (k ^ 0). Then there is a natural surjective projection map 



li d = 2d* = (mod 2) is an even positive integer, we also have a natural projection 
map 



(1.2) : A^{m,n) Map*(MP™, C"+i \ {0}) ~ Map* (MP™, 52"+!) 



for / = {fo, • • • , /„) £ A^{m, n). Note that the map is well defined only if d > 2 
is an even integer. 

For TO > 2 and g £ AlgJ^(MP™^^, CP") a fixed algebraic map, we denote by 
Algd{m,n; g) and F^{m,n; g) the spaces defined by 



C). 



(1.1) 



vI/^^^(TO,n)->Alg*(MP™,CP"). 



defined by 



j^(/)([xo:---:x„])- ( 




I 



Algd (m, 7i; g) 
Fd{m,n;g) 



{/ e Alg*(MP™,CP") : /IMP" 
{/ e Map2(MP™,CP") : /|MP 



5}, 

-g}- 
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It is well-known that there is a homotopy equivalence F^{m,n; g) ~ r2™CP" 
([12]). Let A^{m,n; g) C A^{m,n) denote the subspace given by 

A^(m,n;5) = (vI/C)"i(Alg^(m,n;.9)). 

Observe that if an algebraic map / e AlgJ!J(RP"', CP") can be represented as / = 
[/o : • • • : fn] for some (/o, • • • , /«) G (w, n) then the same map can also be 
represented as / = [gmfo gmfn], where gm = Yl'k^o^l- there is an 

inclusion Alg;5(EP", CP") C Alg2+2(1^P". CP") and we can define the stabilization 
map Sd : A'^{m, n) A^_^_^{m, n) by Sd(/o, •••,/«) = (ffm/o, • • • , ffm/n)- It is easy 
to see that there is a commutative diagram 

Alg2(RP"\CP") — ^ Alg;;+2(KP"\CP") 

A map / e Alg2(RP"', CP") is called an algebraic map of minimal degree d ii f E 
Alg2(KP", CP")\Alg;;„2(RP'", CP"). It is easy to see that if ,g e Alg;5(RP"'-\ CP") 
is an algebraic map of minimal degree d, then the restriction 

(1.3) l^d (™, n; g) : Aj=(m, n; g) 4 Alg^(m, n; g) 

is a homeomorphism. Let 

fzd,c : Alg^(RP™,CP") 4 Mapf<,]^(RP™,CP") 
\i',^c : AlgC(m,n;g) ^ ^^(TO,n;ff) ~ r!™CP" 
denote the inclusions and let 

(1.5) = Zd,co vI/C : AS(m,n) ^ Mapf,,^ (RP™, CP"). 

be the natural projection. For a connected space X, let i^(A', r) denote the config- 
uration space of distinct r points in X. The symmetric group Sr of r letters acts 
on F{X, r) freely by permuting coordinates. Let Cr{X) be the configuration space 
of unordered r-distinct points in X given by Cr{X) — F{X,r) / Sr- Note that there 
is a stable homotopy equivalence ^2™S'™+' ~, V^i F{R"',r)+ As,, ( A"" 5") (HI), 
and it is known that there is an isomorphism Hk{F{MJ" ,r)+ As^ (/\'^5'),Z) = 
i?fc-H(Cr(K'"),(±Z)®'^) for k,l > 1 ([4], [15]), where A"^^ = X A ■ ■ ■ A X (r 
times). 

Let G^ jv denote the abelian group G^ jv = ©llf ^ Jyfc_(Ar_„,),(G,(R"^), (±Z)«(^- 
where the meaning of (±Z)®(^~"'-' is the same as in jl5| . 
Let D^(d;m,n) be the positive integer defined by 



(1.4) 



D^{d;m,n) 



\{n-m){[^\+l) -1 ifK = R, 

[(2n-m-H)(L^J +1) - 1 ifIK = C, 
, and [xj is the integer part of a real number a;. Note that £'c(i^; w, n) = Ds^{d;m,2n- 
l). 

First, recall the following 3 results. Here we use the notation of [l]. 

Theorem 1.1 ([8], [16j ). If n > 2 and then the natural projection i^ : A^(l,n) — >■ 
Mapfrfj^(RP\RP") ~ nS'" is a homotopy equivalence up to dimension Di {d, n) = 
(d+l)(n- 1)- 1. 
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Theorem 1.2 ([Ij). Let 2<m <n he integers and let g e Alg;5(RP""\ MP") be 
an algebraic map of minimal degree d. 

(i) The inclusion : A\g^{m,n; g) — > Fd{m,n; g) ~ fl"^S" is a homotopy 
equivalence through dimension D]^{d;m,n) if m + 2 < n and a homology 
equivalence through dimension D]i^{d; m,n) if m + 1 ^ n. 

(ii) For any k > 1, i7fc(Alg^ (m, n; 5), Z) contains the subgroup G^j „ as a 
direct summand. 

Theorem 1.3 ([1 ). If2<m<n and d=0 (mod 2) are positive integers, 

: A^{m,n) ~> Map* (MP™, 5") 
i^ : A^{m,n) ^ Map* (MP™, MP") 

are homotopy equivalence through dimension D^{d] to, n) ifm+2 < n and homology 
equivalences through dimension D]gi{d;m,n) if m + 1 — n. 

Remark. A map f : X ^ Y is called a homotopy (resp. a homology) equiva- 
lence up to dimension D \i f,, : T:k{X) — > 7:k{Y) (resp./, : Hk{X,'Z,) — > iJfc(y, Z)) 
is an isomorphism for any k < D and an cpimorpliism for k = D. Similarly, 
it is called a homotopy (resp. a homology) equivalence through dimension D if 
/, : nk{X) nk{Y) (resp./, : Hk{X,'L) — > HuiY,!?)) is an isomorphism for any 
k<D. 

In this paper, from now on let m, n > 2 be positive integers. Our main results 
are as follows. 

Theorem 1.4. Let 2 < m < 2n, and let g e Alg;;(RP'""\ CP") be an algebraic 
map of minimal degree d. 

(i) The inclusion i'^f^ : A\g^{m,n; g) — )■ Fd{m,n; g) ~ 57™ S'^"^"'^ is a homo- 
topy equivalence through dimension Dc{d; to, n)ifm< 2n and a homology 
equivalence through dimension Dc{d;m,n) if m = 2n. 

(ii) For any k>l, Hk{A\g^{m,n; g),'Z) contains the subgroup GJ^ 2n+i '^^ 
direct summand. 

Theorem 1.5. //2 < to < 2n and d = (mod 2) are positive integers, 

: AC(TO,n) ^ Map* (MP™, 5^"+!) 
: A^{m,n) -> Map*(MP™, CP") 

are homotopy equivalences through dimension Dc{d;m,n) if m < 2n and homology 
equivalences through dimension Dc{d;m,n) if m = 2n. 

Corollary 1.6. If 2 < m < 2n and d = (mod 2) are positive integers, the 
stabilization map Sd : A'^{m,n) -> A^^2(™7") '-s « homotopy equivalence through 
dimension Dc{d;m,n) if m < 2n and a homology equivalence through dimension 
Dc{d; TO, n) if m = 2n. 

Note that the complex conjugation on C naturally induces Z/2-actions on the 
spaces A\g^{m,n; g) and A^{m,n). In the same way it also induces a Z/2-action 
on CP" and this action extends to actions on the spaces Map*(KP™, 5'^""'"^) and 
Map,* (MP™, CP"), where we identify 5^"+! = {{wq, • • • ,m„) e C"+i : J21=q \wk\^ = 
1} and regard MP™ as a Z/2-space with the trivial Z/2-action. Since the maps i'd c, 
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j^, are Z/2-equivariant and (j^_c)^^^ = *d,R' Ud f^"^ = j'd ' = *li > we easily 

obtain the following result. 

Corollary 1.7. Lef 2 < m < 2n and d > 1 be positive integers. 

(i) The inclusion map «^ : Alg^(m,n;g) — > Fii{m,n] g) ~ ri'"S'^"+-'^ is a 
'Z/2-equivariant homotopy equivalence through dimension D^{d;m,n) if 
m < 2n and a Z/2-equivariant homology equivalence through dimension 
D]gi{d; m, n) if m — 2n. 

(ii) lfd=0 (mod 2), then 

ij^ : -> Map*(RP'",52"+i) 

jij^ : ylJ^(TO,n) ^ MapS(MP'",CP") 

are 1i/2-equivariant homotopy equivalences through dimension D^{d] m, n) 
if m < 2n and 'L/2-equivariant homology equivalences through dimension 
D^{d] m, n) if m = 2n. 

Remark. Let G be a finite group and let / : X — > y be a G-equivariant 
map. Then a map f : X ^ Y is called a G-equivariant homotopy (resp. homology) 
equivalence through dimension D if the induced homomorphism f^ : TTk{X^) ^ 
7Tk{Y") (resp. : Hk{X" ,1.) 4 Hk{Y" ,Z)) are isomorphisms for any fc < £> 
and any subgroup H C G. 

Of course we would also like to understand the cases d = 1 (mod 2). The 
homotopy type of Alg^(IRP™, CP") appears hard to investigate in general. However, 

for d — 1, ^ffff : A'i{m, n) Alg^(]RP™, CP") is a homeomorphism and we can prove 
the following results. 

Theorem 1.8. (i) If 2 < m < 2n, the inclusion 

ii^c ■■ Algt(MP™,CP") ^ MapJ(RP™,CP") 

is a homotopy equivalence up to dimension Dc{l; m, n) ^ An — 2m + 1. 
(ii) If m — 2n > 4, the inclusion ii c induces an isomorphism 

(zix)* : 7ri(Algt(]RP'",CP")) ^ 7ri(Mapt (RP'", CP")) = Z/2. 

Corollary 1.9. (i) If 2 < m < 2n and d=0 (mod 2) are positive integers, 

the space AlgJ^(RP"', CP") is {2n — m) -connected and 

Z if m=l (mod 2), 



7r2„-™+i(Alg;(RP™,CP"))- 



Z/2 if TO = (mod 2). 



(ii) If 2 < m < 2n and e G {0,1}, the two spaces Algi(RP™, CP") and 
Map*(RP™,CP") are {2n ~ m) -connected, and 

7r2„-™+i(Algt(RP",CP")) - 7r2„-™+i(Map:(RP",CP")) 

_ fz if ni=l (mod 2), 
|z/2 if m EE (mod 2). 

Remark. We conjecture that 7ri(Alg^(RP™, CP")) = Z/2 if to = 2n > 4 and 
d = (mod 2), but at this time we cannot prove this. 

This paper is organized as follows. In section 2, we consider the space of 
algebraic maps RP™ — >■ CP" and recall the stable Theorem obtained in [l]. In 
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section 3 we study simplicial resolutions and the spectral sequences induced from 
them and prove Theorem II .41 In section 4 we prove Theorem 11.51 and Corollarv ll.6l 
by using Theorem ll.31 and in section 5 we study the homotopy type of the stabilized 
space A'^^^{m,n) for e = 0. Finally in section 6, we investigate A'^{m,n) for the 
case d = 1 and prove Theorem 11.81 and Corollarv ll.9l 

2. Spaces of algebraic maps. 

An algebraic map / : MP™ CP" can always be represented as f — [fo : fi : 
■ • ■ : fn], where fo, - ■ ■ , /« G C[zo, zi, • • • , Zm] are homogeneous polynomials of the 
same degree d with no common real root other than 0„i+i — (0, • • • ,0) G R™+^ 
(but possibly with common non-real roots). 

Clearly, an element of AlgJ^(RP'", CP") can always be represented in the form 
f = [fo ■ fi ■ ' ' ' ■ fn], such that the coefficient of Zq in fo is 1 and in the other 
polynomials fi (i ^ 0) 0. In general, such a representation is also not unique. For 
example, if we multiply all polynomials fi by two different homogeneous polynomi- 
als in i -zi j ■' ' J Zm, which contain a power of zq with coefficient 1 and are always 
positive on KP™, we will obtain two distinct representations of the same algebraic 
map. So the map ^'^ : A^{m, n) Alg2(RP™, CP") is a surjective projection map. 
It is easy to see that any fiber of is homeomorphic to the space consisting of 
non-negative positive homogeneous polynomial functions of some fixed even degree. 
So it is convex and contractible. Hence, it seems plausible to expect the following 
may be true. 

Conjecture 2.1. The map : A^{m,n) Alg;;(RP"\ CP") is a homotopy 
equivalence. 

Although we cannot prove this conjecture, we show in section 6 that it is true 
if c? — > oo through even integers . 

We always have Alg;j(RP", CP") c Alg;;+2(RP", CP") and Algrf(RP™, CP") c 
Alg,+2(RP'",CP"), because [/o : A :•.•:/„] = [5^/0 : : • • • : g™/„]. 

Definition 2.2. For e e {0,1}, define subspaces Alg*(m,n) C Map,*(RP", CP") 
and Alg,(m,n) C Map,(RP™, CP") by 

Alg:(m,n) = Ur=iAlg:+2JRP"\CP"), 
Alg,(m,n) = Ur=iAlg,+2.(RP"\CP"). 

Theorem 2.3. If 1 < m < 2n and e — or 1, the inclusion maps 

i : Alg*(TO,n) 4 Map^RP", CP") 
j : Alg,(m,n) 4 Map,(RP", CP") 

are homotopy equivalences. 

Proof. It follows from [T, Theorem 2.3] that j is a homotopy equivalence. 
The statement and the proof in it are valid also for spaces of based maps, and we 
can show that i is also a homotopy equivalence. □ 



8 



ANDRZEJ KOZLOWSKI AND KOHHEI YAMAGUCHI 



3. Spectral sequences of the Vassiliev type. 

From now on, we assume 2 < m < 2n and let g e Algi^(MP™^^, CP") be 
a fixed algebraic map of minimal degree d, such that g ^ [go : ■ ■ ■ : gn] with 
(ffOj • ■ ■ G ^di''^ ~ li")- Note that {go,' ■ ■ ,gn) is uniquely determined by g 
(because of the minimal degree condition). 

Let Hd C C[zoi ■ ■ ■ , Zfn] denote the subspace consisting of all homogeneous 
polynomials of degree d. For e e {0, 1}, let C Hd be the subspace consisting of 
all homogeneous polynomials / S Hd such that the coefficient of (^o)'' of / is e. 

Since A'^{m,n) is the space consisting of all {n + l)-tuples (/o,--- ,/«) G 
Ad{m,n){C) such that the coefRcient of Zg in /q is 1 and those of other fk's are 
all zero, A'^(m,n) C x ("H^)". Note that H^i x (-Hj)" is an affine space of real 

dimension of Na = 2{n + 1) - l) . 

Next, we set Bk — {gk + Zmh : h G Hd-i} (k = 0, 1, • • • ,n) and define the 
subspace yl* c "H^ x (Hj)" by .4^ = x Bi x • • • x S„. Note that A* is an affine 
space of real dimension N* = 2(n + 1)("+^"^). 

Definition 3.1. Let A^{m, n; g) C A*^ be the subspace A^{'m, n; g) = A*ir\A^{m, n). 
Let Srf C Ad denote the discriminant of A^{m,n;g) in defined by = 
A*d\A^di'm,n-g). 

bmce g € Alg^(RP™"\]RP") has minimal de gree d, clearly the restriction 

(3-1) *d Uc(m.n;5) : ("^^ S) ^ Alg^(TO, 71; g) 

is a homeoniorphism. 

Lemma 3.2. (i) //(/o, • • • , fn) € andx = {xq, • • • , x^) G is a non-trivial 

common root of fo, - ■ ■ , fn, then Xm 7^ 0. 

(ii) A^{m^n\ g) and A^[m,n) are simply connected if m < 2n. 

Proof. The proof is completely analogous to that of [jl], Lemma 4.1]. □ 

Definition 3.3. (i) For a finite set x = {xi, ■ ■ ■ ,xi} C M^, let cr(x) denote the 
convex hull spanned by x. Note that cr(x) is an {I — l)-dimensional simplex if and 
only if vectors {x^ — ^re linearly independent. In particular, it is in general 

position if xi, • • • ,xi are linearly independent over M. 

(ii) Let ft, : X y be a surjective map such that hr^(y) is a finite set for any 
y eY, and let i : X ^ M" be an embedding. Let X'^ and : Y denote 
the space and the map defined by 

A-^ = {{y,w) e y X : w e ct(z(/i-i (?/)))} C F x M^, h^{y,w)=y. 

The pair {X^ , h^) is called a simplicial resolution of (h, i). In particular, {X^ ^ h^) 
is called a non- degenerate simplicial resolution if for each y GY and any k points 
of i{h~^{y)) span {k — l)-dimensional simplex of M^. 

(iii) For each k > 0, let X^ C X^ be the subspace given by 

= {(y,^) eX^:ue a(u),u = {ui, ■■■ ,ui}c i{h-\y)),l< k] . 
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We make identification X ~ by identifying the point x <E X with the pair 
{h{x),i{x)) e ^ and we note that there is an increasing filtration 

oo 
fc=0 

Lemma 3.4 f |llj . |15j ). Let h : X ^ Y be a surjective map such that h^^{y) is a 
finite set for any y G Y , and let i : X be an embedding. 

(i) // X and Y are closed semi- algebraic spaces and the two maps h, i are 
polynomial maps, then /i^ : A"^ 4 r is a homotopy equivalence. 

(ii) There is an embedding j : X — > M*^ such that the associated simplicial 
resolution {X'^,h'^) of {h,j) is non-degenerate, and the space X^ is uniquely de- 
termined up to homeomorphism. Moreover, there is a filtration preserving homotopy 
equivalence q^ : X^ ^ X^ such that q^\X = idx . D 

Remark. Even when h is not finite to one, it is still possible to define its 
simplicial resolution and associated non-degenerate one. We omit the details of 
this construction and refer the reader to 

Definition 3.5. Let C Sd x M™ denote the tautological normalization of Yid 
consisting of all pairs (f,x) = ((/o,-" , /n), (2^0, • • ' e x M'" such 

that the polynomials /o, • ' ' 1 fn have a non-trivial common real root (x, 1) = 
(xo, ■ ■ ■ , Xm-i, !)■ Projection on the first factor gives a surjective map n'^^ : Zd 

Let (l)d ■■ A*^^ R^^* be any fixed homeomorphism, and let be the set con- 
sisting of all monomials (pi = z-' = Zq° zl^ ■ ■ ■ z"^ of degree d (/ = (zq, ii, • • • j *m) € 
^>o^^' 1^1 = X^feLo *fe = '^)- Next, we define the Veronese embedding, which will 
play a key role in our argument. Let -0^ : M'" M*^'' be the map given by 

ipdixor ■■ = ((pi{xo, - ■■ ,Xm~i, 1) ) , where Md := {^^"'')- Now define 

the embedding $* : Z* ^ M^J+a^^ by 

$S((/o,-- - ,/„),x)-(0K/o,-- - 

Definition 3.6. Let 'irf : Z^{d) E^) and {Z^{d), 'nf : Z^{d) S^) 

denote the simplicial resolution of {T^d,^d) ^^'^ corresponding non-degenerate 
simplicial resolution with the natural increasing filtrations 

z^(rf)o = c z^(d)i c z^idh c • • • c z^{d) - y Z^{d)k, 

k^Q 

\ 00 

Z^(d)o = C Z^(d)i C Z^(d)2 C • • • C Z^{d) = y Z^(d)fc. 

k=0 

By Lemma [3.41 the map 'tt^ : Z^{d) H> is a homotopy equivalence. It is 
easy to see that it extends to a homotopy equivalence 'tt^ : ^ ^d+, where 

X^ denotes the one-point compactification of a locally compact space X. 

Since Z^{d)r^/Z^{d)r-i^ = {Z^{d)r \ Z^{d)r-i)+, we have the Vassiliev 
type spectral sequence 

{El'^{d),dt : El-^'id) ^ E:+''^+'-\d)} ^ i/r^(Sd,Z), 



10 



ANDRZEJ KOZLOWSKI AND KOHHEI YAMAGUCHI 



where iJ^ {X, Z) denotes the cohomology group with eompaet supports given by 
H^{X,Z) := H''{X+,Z) and := H^+'{Z^{d)r \ Z^[d)r-i,1). 

It fohows from the Alexander duahty that there is a natural isomorphism 

(3.2) iJfe(A^(m,n;5),Z)^ij5"'="\Ed,Z) for 1 < fc < A^^* - 2. 
Using p.2p and reindexing we obtain a spectral sequence 

(3.3) : ^*,.(d) ^ El^t^,+t_M] H,^r{A^,{m,n; g),Z) 
if s _ r < TV* _ 2, where E^M = Hc'^^''''^^ {Z^{d)r \ Z^{d)r^i,Z). 

Lemma 3.7. (i) // {yi, • • • , y^} G Cr(M™) is any set o/ r distinct points in M™ 
and r < d + \, then the r vectors {^'diVk) '■ 1 < k < r} are linearly independent 
over R and span an (r — 1)- dimensional simplex in ^^^"^ . 
(ii) If^1^T<d+\, there is a homeomorphism 

Z^{d)r \ Z^{d)r-l = Z^{d)r \ Z~'^{d)r-1 

Proof. The proof is completely analogous to that of Lemma 4.3]. □ 

Lemma 3.8. If I < r < [^^J, Z^[d)r \ Z^{d)r-i is homeomorphic to the total 
space of a real vector bundle ^d,r over CriJSJ^) with rank l^ r ~ ~ (2*^ + 1)^ ~ 1- 

Proof. The proof is completely analogous to that of [1], Lemma 4.4]. □ 

Lemma 3.9. All non-zero entries of E}. g{d) are situated in the range s > r(2n + 
2 - m) ifl<r< d'", and El,,{d) ^ if r > d"" . 

Proof. The proof is completely analogous to that of [1], Lemma 4.5]. □ 

Lemma 3.10. If 1 < r < [^^^J, there is a natural isomorphism 

El^M = i?.-(2„-™+2).(a(M"), (±Z)®(2"-™+i)). 

Proof. By using the Thom isomorphism and Poincare duality, we obtain the 
desired isomorphism. □ 

Now we recall the spectral sequence constructed by V. Vassiliev jl5) . From 
now on, we will assume that m < 2n, and we identify Map(S'™, 5*^"+^) with the 
space Map(5'",R2»+2\{02„+2}). We also choose a map ip : S"' ^ ^^'^+^\{Q2n+2} 
and fix it. Observe that Map(S''", M^""*"^) is a linear space and consider the com- 
plements = Map(S"",K2n+2) \ Map(S'™,S'2"+i) and = Map*(S'", R2"+2) \ 
Map*(S'™,S'2"+i). 

Note that 21J^ consists of all continuous maps / : S"'" M-^"+2 passing through 
02ri+2- We will denote by 9^ C Map(S"", R^"+^) the subspace consisting of aU 
maps / of the forms f = if + p, where p is the restriction to S"^ of a polynomial 
map R™+^ M^"+^ of degree < k. Let Q'^ C denote the subspace consisting 
of all / e 6^ passing through 0„+i. In [ |15j . page 111-112] Vassiliev uses the space 
0*^ as a finite dimensional approximation of 21J^. 

Let O'^ denote the subspace of O'' consisting of all maps / G which preserve 
the base points. By a variation of the preceding argument, Vassiliev also shows 
that can be used as a finite dimensional approximation of 21J^ [ |15j . page 112]. 

Let Afe C 8*^ X R™+^ denote the subspace consisting of all pairs (/, a) E 
Qfe ^ su(;i^ ^}jat /(a) — 02„+2, and let pk Xk ^ 6*^ be the projection onto 
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the first factor. Tfien, by mafcing use of simplicial resolutions of the surjective maps 
{Pk '■ k > 1}, one can construct an associated geometric resolution {SIJ^} of 
whose cohomology approximates the homology of Map*(S'™, 5'^""'""'^) = r2™S'^"+^ 
to any desired dimension. From the natural filtration on the approximating space 

oo 

J^i C F2 C F3 C • • • C [J ^fe = we obtain the associated spectral sequence: 

k=l 

(3.4) : El^^ ^ ^ H,_r{n"^S'"+\Z). 

The following result follows easily from [ |15) . Theorem 2 (page 112) and (32) (page 
114)]. 

Lemma 3.11 (|15[). Let 2 < m < 2n be integers and let X be a finite Tri- 
dimensional simplicial complex with a fixed base point xq d X . 

(i) = i7,_(2„-,„+2).(a(M™),(±Z)®(2n-™+i)) z/r > 1, and E}.^ = tf 
r < or s < or s < {2n — m + 2)r. 

(ii) For anyt>l,d*^0: E^^ £;*_^( for all (r,s), and E^ ,, = E^^. 
Moreover, for any k > 1, the extension problem for the graded group 
Gr(Hk{Vt^S^^+\'L)) = 0^1^;,°;;+^ = ®7=iEl,r+k »s trivial and there 
is an isomorphism 

00 

i?fc(r!"52„+1^2) ^0^^_^^^_^^^^^(^^(^m)^(±^)«(2„-™+l))^ □ 

r=l 

Definition 3.12. We identify rj™52"+i = rj™(C"+i \ {0}) and define the map 
j^:AC(m,n;g)->l)™52"+i by 

for ((/o,--- ,/n), (a;o, • • • ,Xm)) eA^{m,n;g) x S"". 

Now, by applying the spectral sequence p.4p . we prove the following result, 
which plays a key role the proof of Theorem 11.41 . 

Theorem 3.13. Let 771,71 > 2 be positive integers such that 2 < m < 2n, and let 

g e Alg^(]RP™^^, CP") be an algebraic map of minimal degree d. 

(i) The map j'^ : A^[m,n] g) — >■ fi^S*^"^^ is a homotopy equivalence through 
dimension D£{d;m,n) if m < 2n and a homology equivalence through 
dimension Dc{d: to, 71) if m ^ 2n. 

(ii) For any k>l, Hk(A^{m,n; g),'Z) contains the subgroup 

Gf„^2n+l= Hfe-(2„-™+l).(a(M"),(±Z)«(2„-™+l)) 
r=l 

as a direct summand. 
Proof. Consider the spectral sequence (13. 4p . First, note that, by Lemma 
there is a filtration preserving homotopy equivalence 'q^ : Z^{d) ^ Z^{d). Note 
also that the image of the map j'^ lies in a space of polynomial mappings, which 
approximates the space of continuous mappings S™ — >■ S"^""*"^. Since Z^{d) is 
non-degenerate, the mapj^ naturally extends to a filtration preserving map 'tt : 
Z'^{d) -> {2t"j} between resolutions. Thus the filtration preserving maps 

ZA(d) ^j>l^ z^i^d) {2l»} 
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induce a homomorphism of spectral sequences {9^ ^ : ^{d) — >■ E^^}, where 

Observe that, by Lemma [3.101 (ii) of Lemma [3.111 and the naturahty of Thom 
isomorphism, for r < [^^J there is a commutative diagram 

EUd) — ^ i/,_,(2„_™+2)(a(M™),(±Z)®(2n-™+l)) 

(3.5) el 

Hence, if r < [^J, : E^^^^id) 4 E^_^ and thus so is 9^, : E^M 4 E^^. 
Next, we will compute the number 

Drmn = min{iV| N>s^r, s > (2n + 2 - m)r, 1 < r < L^^-^J + li- 
lt is easy to see that Dmin is the largest integer N which satisfies the inequality 
(n + 1 — m)r > r + N for r = [^^\ + 1, hence 

(3.6) D^,n = {2n-m + 1)(L^^J + 1) - 1 = Dc{d; m, n). 

We note that, for dimensional reasons, 9^^ : i?,°^.((i) is always an isomor- 

phism if r < [^^J and s — r < Dc{d; to, n). 

On the other hand, from Lemma [3Jl it easily follows that E^ ,,{d) — E^ ,, = if 
s — r < Dc{d; m, n) and r > [^^J . Hence, we have: 



ll) If s < r+Dc^d; to, n), then 9^^ : E'^^{d) — i?^ is always an isomorphism. 

Hence, by using the comparison Theorem of spectral sequences, we have that j'^ 
is a homology equivalence through dimension Dc{d;m,n). Since A^{m,n; g) and 
^m,g2n+i gjjj^piy connected if m < 2n, is a homotopy equivalence through 
dimension Dc{d;m,n) if to < 2n. Hence, (i) is proved. 

It remains to show (ii). Since d* = for any t > 1, from the equality d* o 
^r,s = ^*+t,s+t-i ° ^iid some diagram chasing, we obtain E^ ,,{d) = E'^g{d) for aU 
T < L^2^J ■ Moreover, since the extension problem for the graded group 

oo oo 
r— 1 r— 1 

is trivial, by using ()3.6[ 1) we can prove that the associated graded group 

oo oo 

Gr(ff,.(A5(TO,n;.g),Z)) = ^ E^,^^{d} = 0^i ,^^(d) 

r— 1 r— 1 

is also trivial until the [^iij-th term of the filtration. Hence, Hk{A'^{m,n; g),'Z) 
contains the subgroup 

L^J L^J L^J 

El,k+r{d)= i/fe-.(2«-™+i)(a(M"),(±Z)«(2"-'"+i)) 

r— 1 r—1 r—1 

as a direct summand, which proves the assertion (ii). □ 
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Corollary 3.14. Let m,n > 2 be positive integers such that 2 < m < 2n, let 
g € Algi5(RP'"^"'^, CP") be an algebraic map of minimal degree d, and let F = Z/p 
[p: prime) or F = Q. Then the map j'^ : A^{m,n; g) — > D,"^S^'^^^ induces an 
isomorphism on the homology group Hk{ , F) for any 1 < k < Dc{d;m,n). 

Proof. In the proof of Theorem 13.131 replace the homology groups Hk{ , Z) 
and Hk{ , (iZ)®*^) by Hk{ , F) and Hk{ , (iF)®*^) and use the same argument. □ 

Let 7„ : S"" ^ MP" and 7,^ : 5^"+! CP" denote the usual double covering 
and the Hopf fibration map, respectively Let 7* : Map* (MP™, CP") f]™CP" 
be given by jff^{h) = ho 7^. It is easy to verify that the following diagram 

A^{m,n;g) k\g^{m,n; g) — Fdim,n;g) 

(3.7) f,[ ^'[n 

f]™S'2"+i ""'^"> r2™CP" ( Map[rf]^(KP™,CP") 

is commutative, where i' : Fd{m,n; g) ^ Mapj'^]2(MP™, CP") and denote the 
inclusion and the restriction VfJ^ = ^'^|A^(to, n; 5), respectively. 

Lemma 3.15. If 2 < m < 2n and g e AlgJJ(MP™^^, MP") a fixed map of minimal 
degree d, then the map o i' : Fd{m,n; g) — >■ 51™CP" is a homotopy equivalence 
through dimension Dc{d;m,n). 

Proof. Since there is a homotopy equivalence Fd{m, n; g) ~ f2™CP", the two 
spaces Fd{m,n; g) and f2™CP" are simple. So it suffices to show that the map 
7^ o i' is a homology equivalence through dimension Dc{d; m, n). 

Let F = Zi/p (p: prime) or F = Q, and consider the induced homomorphism 
(7# o z')* = Hkij* o z',F) : HkiFd{m,n;g),¥) ^ i/fe(r!"CP", F). Since il^j^ is 
a homotopy equivalence by Corollary 13.141 and the commutativity of the diagram 
p.7p (7^ o z')^ is an epimorphism for any 1 < k < Dc{d; m, n). 

However, since there is a homotopy equivalence Fd{m, n;g) ~ r2™CP", we have 
dimr Hk{Fd{m,n; g),¥) = dimp i7fe(fJ"CP", F) < 00 for any k. Hence, Hkij* o 
i' , F) is an isomorphism for any 1 < A; < Dc{d; m,n). By the Universal Coefhcient 
Theorem o i' induces an isomorphism on Hk{ , Z) for any 1 < fc < Dc{d; m,n). 

□ 

Proof of Theorem 11.41 Since : A^{m, n; g) ^ Alg^(r7i, n\ g) is a homeo- 
morphism, the assertion (ii) follows from Theorem l3.13l Because 7mOz' a homotopy 
equivalence through dimension D{d] m, n), by using the diagram (13.71) and Theorem 
13. 131 we easily obtain the assertion (i). □ 

4. The space A^{m,n). 

In this section we shall consider the unstable problem for the space yl^(m, n), 
where d = 2d* > 2 is even. 

Definition 4.1. Define V'm.n : ^{m, 2n + l)^ A^{m, n) by 

V'm,n(/o, • ■ ■ , /2ri+l) = (/o + V^^fl, /2 + T/s, ' ' ' , f2n + V—^f2n+l)- 

It is easy to see that 
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Lemma 4.2. ipm,n '■ A^{m,2n + 1) — > A^(m,n) is a homeomorphism. □ 

Lemma 4.3. (i) Map*(RP'", S^^+i) is {2n ~ m)- connected. 

Z if m = 1 (mod 2), 



(ii) 7r2„-™+i(Map*(MP",52„+i)) 



Z/2 i/ TO = (mod 2). 



Proof, (i) We argue by induction on m. For to = 1 the result follows 
from the homotopy equivalence Map*(EP\ ~ nS^"'+^ . Suppose that the 

space Map*(RP™~\ 5"^"+^) is (2n - m + l)-connected for some to > 2. Since 
Qm^2n+i jg (2n— TO)-connected, from the restriction fibration sequence f2'"S'^"+^ — > 
Map*(]RP™,S'2"+i) Map*(MP™-\S'2"+i), we deduce that Map*(MP™, S'2"+i) 
is {2n — TO)-connected. Hence, (i) has been proved. 

(ii) First, consider the case to 1. Since Map*(MP\ S-^^+i) ~ f75'2"+i, 
(ii) clearly holds for to = 1. Next, consider the case m = 2. If we consider 
the fibration sequence Map*(RP^ fi-^^+i) ^ flS^''+^ 4 ^3^''+^ induced from 

the cofibration sequence S"^ ^ S*^ — ?> MP^, an easy computation shows that 
7r2„_i(Map*(MP^S'2"+i)) ^ Z/2. Hence, (ii) holds for to = 2, too. 
Now we assume that m > 3 and consider the fibration sequence 

Map*(MP'"7MP"-^S'2"+l) ^ Map*(MP",S'2"+i) ^ Map*(RP"-^ S^^^+i) 

Since Map*(MP™~^, 5'^"+^) is {2n — to + 2)-connected, there is an isomorphism 
^2n-m+i(Map*(KP'",52"+i)) - ^2n-m+i(Map*(]RP"VMP'"-2,^2„+i))^ Thus it 

remains to show the following: 



(4.1) 7r2„_™+i(Map*(RP"/MP"-^^^"+0) 



Z if m = 1 (mod 2), 
Z/2 if m = (mod 2). 



If m = 1 (mod 2), RP"7]RP""2 = 5""-i V 5"" and there is an isomorphism 

7r2„_™+l(Map*(MP"7MP'"-^52n+l)) ^ 7T2n-m+l{n'^-^ S^"+^ X ^i^^^n+l) ^ 

Hence ()4.1|) holds for m = 1 (mod 2). Finally suppose that to = (mod 2). Then, 
because RP^/MP™"^ = S"'-^ U2 e", there is a fibration sequence 

Map*(MP"VMP""7S'2"+i) ^ f]'"-iS'2"+i 4 
From the homotopy exact sequence induced by the above sequence, we deduce that 

^2„-m+l(Map*(MP"7MP'"-2^ 52n+l)) ^ 2/2. □ 

Definition 4.4. (i) Let 7„ : 5" ^ RP" and 7^ : S'2"+i ^ CP" denote the usual 
double covering and the Hopf fibering as before. Define the following two maps 

ijn#- Map*(RP",S'") ^ Map*(MP'",RP") 
[7^^ : Map*(MP",52n+i) ^ Map* (MP™, CP") 

by 7n#(/i) =lnoh and j^,^ih') = o h' . 

Since Map*(RP™, S"") and Map*(RP", S'2"+i)) contain the subspace of con- 
stant maps, the images of 7„-^ and that of 7^_^ are contained in MapQ(MP™, RP") 
and MapQ(RP™, CP"), respectively. Thus we obtain two maps 

l'7„# : Map*(RP™,S'") ^ MapS(MP", RP"), 
[7^^ : Map*(RP™,S'2"+i) ^ MapS(RP", CP"). 
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(ii) Let fj,n '■ MP^"^^ — > CP" denote the usual projection given by 

^in{[xo ■ Xi : ■ ■ ■ : X2n+l] = [Xo + V^Xi : • • • : 0:2,1 + ^/~lX2n+l], 

and define the map : Mapo(MP™, MP^"+^) ^ Mapo(EP"\ CP") by Mn#(M = 

fin O h. 

Lemma 4.5. (i) // 1 < m < n, 7„_^ : Map*(RP",5") 4 Map*(RP™, MP") is a 
homotopy equivalence. 

(ii) //2 < TO < 2n, 7^^^ : Map*(MP", S'2"+i) 4 Mapo(RP", CP") is a homo- 
topy equivalence. 

Remark. Since tti (Map*(RP\ S'2"+i)) = and 7ri(MapS(MP\ CP")) = Z, (ii) 
of Theorem 14.51 does not hold for to = 1. 



Proof. Since (i) follows from [[T], Lemma 4.17], it remains to prove (ii). We 
prove it by induction on to. First, assume that to = 2, and consider the following 
commutative diagram of restriction fibration sequences 

^2^2„+i ^ Map*(Rp2,^2«+i) r!52"+i 

(4.2) "'-^^1=^ ^"*| f^^S 

f]2cP" > Mapo(RP^CP") — ^ r^CP" 

Since fl'^j^ ^ homotopy equivalence and ^j^* • ■'''/c(^^<5'^"^"'^) ^ 7r/j(f2CP") is 
an isomorphism for any fc > 2, by the Five Lemma the induced homomorphism 
7«#, : 7^fe(Map*(RP^S'2"+l)) 4 7rfe(Map*(]Rp2, CP")) is an isomorphism for any 
k > 2. On the other hand, because the homotopy exact sequence of the lower row 
of is 



^ 7rl(Mapo(MP^CP")) ^ Z = 7ri(r2CP") 4 7ro(r22CP") = Z ^ 0, 
we see that 7^l(Mapo(RP^ CP")) = 0. Thus, since Map*(MP^ 5'2"+i) is (2n - 2)- 
connected (by Lemma l4.3p . the induced homomorphism ilj^^ : 7ri(rJS'^"+^) 
7ri(riCP") is an isomorphism. Hence, T^k{ln^) isomorphism for any fc > 1 

and the assertion is true for m — 2. 

Now suppose that 7,4 : Map*(RP™-\ S'2"+i) 4 Map;;(RP™-\ CP") is a 
homotopy equivalence for some to > 3, and consider the following commutative 
diagram of restriction fibration sequences 

5.2,1+1 ^ Map*(RP",S'2"+i) — ^ Map*(MP"-\S'2"+i) 

n-^CP" > Mapo(RP™,CP") — ^ Mapo(MP""\CP") 

Since ri™7j and j'^^ are homotopy equivalences, by the Five Lemma, we see that 
7„_^ : Map* (MP™, 52"+!) 4 Mapo(MP", CP") is also a homotopy equivalence. □ 

Corollary 4.6. If2<m<2n, Mapo(RP", CP") is {2n - m)-connected and 
.2„-™+i(MapS(RP"\CP")) - 1^ " ' ("^"'^ 

2n m+U lOV , 77 j/TO = 0(mod2). 

Proof. This follows from Lemma l473l and Lemma [4751 □ 
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Corollary 4.7. //2 < to < 2n, the map fin# ■ MapS(MP"\Mp2"+^) 4 MapS(MP", CP") 
is a homotopy equivalence. 

Proof. Consider the commutative diagram 

Map*(]RP",52"+i) Map* (MP", CP") 

72„+i#|~ II 

MapS(IRP'",Kp2"+i) Map*(RP",CP") 

Since 72n+i^ and are homotopy equivalences by Lemma 14. 5[ the assertion 
easily follows from the above commutative diagram. □ 

Now we can prove Theorem 1 1 . 5 1 and CoroUarv 11.61 

Proof of Theorem 11.51 First, it is easy to see the diagram 

■R 

yl^(m,2n+l) — ^ Map*(RP", S'2"+i) 
(4.3) II 

A'^{m,n) — ^ Map* (MP™, CP") 

is commutative. Since is a homotopy equivalence through dimension -DK(d; to, 2n+ 
1) if TO < 2n and a homology equivalence through dimension D]^{d;m,2n + 1) if 
TO = 2n, by Theorem ll.3[ so is the map jj. Because Dc{d; to, n) = -Dm('^; 2n+ 1), 
we see that the map is a homotopy equivalence through dimension Dc{d;m,n) 
if TO < 2n and a homology equivalence through dimension Dc{d]m,n) if m = 2n. 
It remains to show that the same holds for map i^. However, this follows easily 
from the facts that i'^ — o and is a homotopy equivalence (by Lemma 
. This completes the proof of Theorem 11.51 □ 



Proof of Corollary 11.61 Since j^^2 ° Sd — jj, the assertion easily follows 
from Theorem 11.51 □ 

5. The stabilized space A'^^^{m,n). 
Although we cannot prove Coniecture l2.1[ we can prove the following stabilized 



version. 



Definition 5.1. For e = or 1, let A'^^^{m,n) denote the stabilized space 
^^+£("1, n) = lim yl2fc_|_g(TO, n), where the limit is taken over the stabilization 



fc 

maps 



A^(m,n) ^ A^^,im,n) ^ Aj+,(TO,n) ^ yl^+,(TO,r.) 
From the commutative diagram 



c 

2fc + g 



^2k + 2 + e 



^ Alg;,,,(RP",CP") Alg;,+2+,(RP'",CP") — ^ 



we obtain a stabilized map ^'I^+j — lim "^2k+€ ■ ^«3+e(™7") ^ Alg*(TO,n). 
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Proposition 5.2. //2 < m < 2n and e — 0, the map 

C+o : Al^o(.m,n) 4 A\g* im,n) ^ Map* (MP", CP") 

is a homotopy equivalence if m < 2n and a homology equivalence if m = 2n. 

Proof. The assertion easily follows from Theorem 12.31 Corollary 11.71 and the 
commutative diagram 



Algo(m,n) 



> Mapo(MP™,CP") 

> Mapo(RP"\CP") □ 



6. The space AlgJ (MP™, CP"). 
In this section we investigate the homotopy of A^{m,n) ^ Alg*(MP"\ MP"). 

Definition 6.1. For integers 1 < m < 2?t,, let V2n+i.m denote the real Stiefel 
manifold of all orthogonal m-frames in K^"+^ and (bi,--- ,hm) S V2n+i,m any 
element such that b^, — *(6a:,i,''' ,bk.2n+i) G M^"+^ (1 < ^ < rn). Consider the 
(n + l)-tuple of polynomial defined by 

1 ••• 

/^b Ci C2 • • • C„_i c„ 



(/o, • ■ ■ , fn) — {zq, • ■ ■ , Zm) 

where b e M™ and Cfc e C™ (fc = 1, 2, • • • , n) are given by 



'(&1, 1-^1,2,^^1, 



3, • ■ 



■bl.m): 



[Cfe — *(62fe,l + V~^b2k+l,l,b2k,2 + \/— T&2fe+1,2, • • ■ , b2k,m + \/— T&2fc+l,m) 

Since it is easy to see that (/o, • • • , /„) G A^{m, n), one can define the map (pm,n '■ 
V2n+l,m A?(m,n) by 

fm.nO^l, ■ ■ • , bm) — (/o, ■ ■ ■ J fn)- 

Lemma 6.2. If I < m < 2n, the map ^rn.n '■ V2n+i.m A'^{m,n) is a homotopy 
equivalence. 



Proof. Let us consider the element (/q 



, /„) e C[zo, 



of the 



form 



(6.1) 



(/o, 



J fn ) ( ^0 1 ' ' ' ; ■^m ) 



/ 1 

ai,o ai,i 



\ 



,n / 



where a^^j- = bkj + ^/-Ackj {bkj, Ckj € M) and we write 
fa= *(6i,o,&2,o,--- ,6,„,o) gM™ 
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It is easy to see that the polynomials /o , • • • , /n have no cominon real root beside 
zero if and only if the equation 

/I • 

bi,o ciQ cii • 



{zo,Zi,--- ,Z,n) 



Cl, 



\ b„ifi C„ifi bm^l C„i_i 














[ / 



fn) G A'^i'm, n) if and only if the 



has no non-zero solution. So we see that (/o, ' 

(to X {2n + l))-matrix {B,C) has rank to. Thus the map $ : V2,i+i,m x M™ — > 
j4f(TO,n) given by {B,C,a) i— > {fo,--- , fn) is clearly a honiconiorphism, where 
(/o, • • • , /n) is defined by (HJ]). S inC6 ^rn,n 

= ^\V2n+i,m X {0„}, the map ipm,n is 

a homotopy equivalence. 



□ 



Lemma 6.3. (i) If 2 < m < 2n, Map* 

(ii) Ifi<m< 2n, V2n+i.m is (2n 



(iii) If I <m <2n, 7r2„_,„+i(F2„+i^„i) = 



,CP") is (2n — m)- connected, 
m)- connected. 

Z if m = 1 (mod 2), 

Z/2 if TO = (mod 2). 



Proof, (i) Consider the restriction fibration sequence 

(6.2) f7"CP" ^ Mapt (MP'", CP") ^ Map*(MP"-\ CP"). 

We prove the assertion (i) by induction on to. First, consider the case to = 2. Since 
7ri(r22cP") = and Mapt(MP\ CP") = f^CP", taking to = 2 in ([63) and using 
the induced exact sequence 

^ 7^l(Map^(RP^CP")) ^ 7ri(f7CP") = Z A Z = TTo{n^CP") ^ 0, 

we see that 7^l(Map*(RP^ CP")) = 0. Since Trkin^CP"") ^ Tr^+a (S'^^+i) = and 
7rfc(f)CP") ^ 7rfc+i(S'2"+i) = for 2 < A: < 2n - 2, applying dO]) with to = 2 we 



see that 7rfe(MapJ(]RP^, CP")) = for 2 < fc < 2n - 2. Hence, the case m = 2 
has been proved. Next, assume that Mapt(MP""\CP") is (2n - to + l)-connected 
for some to > 3. Since 3 < to < 2n, rj™CP" = f7™S'2"+i is (2n - TO)-connected. 
Hence, from (|6.2p we easily deduce that Map* (MP™, CP") is (2n — TO)-connected. 
We have proved (i). 

(ii) The assertion (ii) can be easily proved by induction on m by making use of 
the following fibration sequence: 

(6.3) 52n-,n+l ^ V2n+l..m 

We omit the details. 

(iii) First, let to = (mod 2). It is known that i?2"-"+2(y2„+i,„, Z/p) = 
for any odd prime p > 3, 

H*{V2n+l,„^,Z/2) = E[xj : 2n - TO + 1 < J < 2n] {\x,\ = j) 

and that Sq^{x2n-m+i) = X2n-m+2- Hcncc, the (27i — m + 2)-skclcton of V2n+i,m is 
^2n-m+i|j^g2n-m+2 j-^p homotopy equivalence), and we have 7r2„-m+i (^2n-m+i) 
Z/2. If TO = 1 (mod 2), (|6.3p induces the exact sequence 



^JV+l(1^2„+l.™-l) = Z/2 A 7rAr(5^"-™+^) = Z ^ ^w(V^2n+l,m) ^ 0, 

where iV = 2n — m + 1. Hence, 7r2„-,n+i (V2n+i,m) — Z- Thus (iii) has also been 
proved. □ 
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Corollary 6.4. Ifl<m<2n, AlgJ(RP'", CP") is {2n - m)-connected and 
^2„-™+i(Algt(RP™,CP")) 



Z if m = 1 (mod 2), 
Z/2 if m = (mod 2). 



Proof. Since there is a homotopy equivalence V2„+i,m — Alg2(MP™, CP"), 
the assertion fohows from Lemma ESI □ 



Definition 6.5. For 1 < m < 2n, define the map im : V2n+i,m ^ Mapi(RP", CP") 

by im = «! O (y9„i_„. 

For 2 < m < 2ri, it is easy to verify that the fohowing diagram is commutative 

cZn — m+l 3 , T/ , T/ 

»J ? V2n+l,m > V2n+l,m-l 

(6.4) .4 ,4 ..^4 

fj^CP" — ^ Mapi(MP™,CP") — ^ Mapt(MP"'"\CP") 

where we identify 5*2"-™+! ^ o(2"+iI"ij ^'^'^ ^-'-"^'^ rows are fibration sequences. 

Lemma 6.6. If 2 < m < 2n, the map s„ : 52«-m+i _^ f7™CP" is a homotopy 
equivalence up to dimension Dc{l; m, n) ~ An — 2m + 1. 

Proof. By means of a method similar to the one used in the proof of [ [17) . 
Lemma 3.1] we can show that Sm* ■ 7''2„_m+i(5'^"~™+^) ^ 7r2„-m+i(il™S'^""'"^) 
— 7r2n-2m+i(^^'"CP") is an isomorphism. Thus we can identify Sm with the m-fold 
suspension E"" : S'2"-™+i ^ f]™S'2»+i ~ f)"iCP" (up to homotopy equivalence). 
Hence is a homotopy equivalence up to dimension 4n — 2m +1. □ 

Lemma 6.7. If n > 2, ii^ : 7rfe(V2n+i,i) — >■ 7rfe(Map*(MP"'^. CP")) is an isomor- 
phism for any 2 < fc < 4n — 1 and an epimorphism for k — An — 1. 

Proof. After identifications (up to homotopy equivalence) V2,i+i,i = S'^" and 
Map*(MP\CP") = 17CP" = f7S'2"+i X S\ the map ii can be viewed as a map 
ii : 5*2" ^ r^CP". Let qi : 17CP" = 17S'2"+i x ^ rJ5'2"+i denote the projection 
onto the first factor. Note that the composite qi oii can be identified with the map 

~ Q(2„+i)(IR) f^5'2"+i given in [[8], Corollary 5 (2)]. Hence it follows from 
[g], CoroUary 5] that qi o is a homotopy equivalence up to dimension A^(l, 2n + 
2) = An — 1. Recalling that qi^ : 7ri(riCP") ^ 7r;(r25'^""'"^) is an isomorphism for 
all Z > 2, we see that 7rfc(ii) is an isomorphism for any 2 < ^ < 4n — 1 and an 
epimorphism for fc = 4n — 1. □ 

Proposition 6.8. If2<m<2n, the map 1^ : T^2«+i,m Mapi(MP", CP") is a 
homotopy equivalence up to dimension Dc(l; m,n) = An — 2m + 1 

Proof. The proof proceeds by induction on m. First, consider the case m = 2. 
Since 7ri(V2n+i,2) = 7ri(Map*(MP^, CP")) = by Lemma [6.31 the map 12 induces 
an isomorphism on 7ri( ). Hence it suffices to show that 12* : 7rfe(V2n+i,2) ^ 
7rfc(MapJ(]RP^,CP")) is an isomorphism for any 2 < fc < Dc(l;2,n) = 4n - 1 and 
an epimorphism for fc = I?c(l; 2, n). However, recalling the commutative diagram 
()6.4p for m = 2, and using the Five Lemma, Lemma l6.6l and Lemma l6.71 we see that 
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■Kk{i2) is an isomorphism for any 2<k<An—l — -Dc(l; 2, n) and an epimorphism 
for fc = 4n — 1 = -Dc(l; 2, n). Hence, the case m = 2 is proved. 

Now assume that the map im-i is a homotopy equivalence up to dimension 
Dc{l]m — l,n) = An — 2m + 3 for some m > 3. Since, by Lemma 16.61 Sm is 
a homotopy equivalence up to dimension Dc{l;m,n) = An — 2m + 1, the Five 
Lemma and the diagram (|6.4[) imply that the map im is a homotopy equivalence 
up to dimension _Dc(l; m, n). □ 

Proof of Theorem \1.8l (i) Since = ii^c ° and the projection map 
^'5' : A'i{m,n) ^ Alg^(RP™, CP") is a homeomorphism, it suffices to show that 
if is a homotopy equivalence up to dimension -Dc(l; ™5 "■)• As = o ipjn,n and 
ipm,n is a homotopy equivalence, this follows from Proposition 16.81 Hence, (i) has 
been proved. 

(ii) Since S2n* : 7''i('5'^) — 7ri(r2^"CP") is an epimorphism by Lemma [6.61 and 
7ri(5^) = Z = 7ri(r2CP"), S2n induces an isomorphism on tti{ ). Consider the 
following commutative diagram of the exact sequences induced from (|6.4p for m = 
2n 

^2(V^2n+1.2„-l) — ^ 7ri(5l) > 7ri(T/2„+l,2„) = Z/2 >0 



7r2(MapJ) — ^ 7ri(l]CP") > 7ri(MapJ (RP^", CP")) > 

where Map^ = Mapi(MP^""\ CP"). Since, by Proposition HH the induced homo- 
morphism i2n-i* : 7r2(V2ri+i,2n-i) 7r2(Mapi(MP^"^^, CP")) is an isomorphism, 
i2n induces an isomorphism on 7ri( ). □ 



Proof of Corollary 11.91 The assertion (i) follows from Lemma 14.31 and 
Theorem 11.51 The assertion (ii) also easily follows from CoroUarv 14.61 Lemma [^21 
Lemma 15751 Proposition 16.81 and Theorem 11.81 □ 
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